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We present exact solutions for the Schro¨dinger equation with the hyperbolic double-
well potential V pq (x) = −V0sinhp(αx)/coshq (αx). We show that the model preserves
a finite dimensional polynomial space for some p and q. Thus using the Bethe ansatz
method, we obtain closed form expressions for the spectrum and wavefunction, as
well as the allowed parameter for the class V p6 (x), which is contrary to a report
in a recent article [C. A. Downing, J. Math. Phys. 54, 072101 (2013)]. We also
discuss the hidden sl2 algebraic structure of the class. C© 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4878118]
I. INTRODUCTION
In a very recent article,1 the author discussed the solution to the Schro¨dinger equation with the
hyperbolic double-well potential
V pq (x) = −V0
sinhp(αx)
coshq (αx) , (1.1)
with q = − 2, 0, 2, 4, 6 and p = − 2, 0, . . . , q. Specifically for classes V p4 (x) and V p6 (x), the
corresponding Schro¨dinger equation can be transformed to the confluent Heun equation2
d2φ
dz2
+
(
γ + ξ + 1
z
+ ν + 1
z − 1
)
dφ
dz
+
(
λ
z
+ ω
z − 1
)
φ = 0, z = z(x), (1.2)
which has a solution in terms of the confluent Heun function
φ(z) = HC (γ, ξ, ν, δ, η, z) =
∞∑
m=0
hm(γ, ξ, ν, δ, η, z)zm, (1.3)
where
δ = λ + ω − γ
2
(ξ + ν + 2) and η = γ
2
(ξ + 1) − λ − 1
2
(ξ + ν + ξν). (1.4)
The necessary and sufficient conditions for the function HC(γ , ξ , ν, δ, η, z) to degenerate to a
polynomial of degree n ≥ 0 with respect to the variable z are given by
δ
α
+ ξ + ν
2
+ n − 1 = 0, (1.5)
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and
n+1(λ)=
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
λ − q1 (1 + ξ ) 0 . . . 0 0 0
nγ λ − q2 + γ 2(2 + ξ ) . . . 0 0 0
0 (n − 1)γ λ − q3 + 2γ . . . 0 0 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
0 0 0 . . . λ − qn−1 + (n − 2)γ (n − 1)(n − 1 + ξ ) 0
0 0 0 . . . 2γ λ − qn + (n − 1)γ n(n + ξ )
0 0 0 . . . 0 γ λ − qn+1 + nγ
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=0,
(1.6)
where qm = (m − 1)(m + ξ + ν).
It was claimed in Ref. 1 that the corresponding reduced differential equations V 4p (x) class does
not satisfy first condition, which imposes a simple relation on the physical parameters arising in the
problem, while that of class V p6 (x) does not satisfy the second condition. As a result, the focus of
the work was limited to the case of V 46 (x), which the author noted to be an exceptional case which
admits polynomial solutions for certain values of the physical parameters.
The aim of this work is to extend the results in Ref. 1 by presenting a complete set of solutions
to a potential class V p6 (x), which was reported in Ref. 1, to have no polynomial solutions, with the
exception of the V 46 (x) subclass. To obtain the solution to our model, we employ the Bethe ansatz
method3–5 (and the Appendix for generalization) which has proven to be very effective in solving
differential equations more general than the Heun class of equation.
The work is arranged as follows: In Sec. II, we reduce the Schro¨dinger equation to a quasi-
exactly solvable (QES) differential equation via some set of transformation. The main focus of
this work is in Sec. III, where the solution to each subclass of V p6 (x) is obtained using the Bethe
ansatz method. Section IV discussed the underlying hidden symmetry, which is responsible for the
quasi-exact solvability of the model; while some conclusions are given in Sec. V.
II. UNDERLYING DIFFERENTIAL EQUATION
We begin by noting that the hyperbolic double-well potential has minima located at
x∗1,2 =
1
2α
loge
(
p + q ± 2 √pq
q − p
)
, (2.1)
as such, if the product of the exponents pq < 0, such as the case of V −26 (x), the minima diverge
into the complex plane and a complex spectrum is obtained. Similarly for the case of p = q, the
minima diverges, the well flattens out, loosing the two minima to become a bell-shaped potential.
We note that the modification to this new potential produces a more flexible and physical model
when compared with the previous model. Although, these cases may be less interesting physically,
however, we shall discuss the solutions as part of a general class of potentials.
In natural units( = 2μ = 1), the corresponding one-dimensional Schro¨dinger equation for the
generalized model (2.1) is given by
ψ ′′(x) +
[
E + V0 sinh
p(αx)
coshq (αx)
]
ψ(x) = 0, (2.2)
where E is the energy eigenvalue. If we introduce the change of variable z = tanh 2(αx), the equation
becomes
z(1 − z)ψ ′′(z) + 1
2
(1 − 3z)ψ ′(z) +
[
E
2α2(1 − z) +
V0
2α2
z
p
2 (1 − z) q−p−22
]
ψ(z) = 0. (2.3)
Extracting the asymptotic behaviour using the transformation
ψ(z) = zβ(1 − z)νe−κzφ(z), (2.4)
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we arrive at basic equation
z(1−z)φ′′(z)+
[
2κz2−2
(
κ+ν+β+ 3
4
)
z+
(
2β+ 1
2
)]
φ′(z)+
[
V0
2α2
z
p
2 (1 − z) q−p−22 −κ2z2
+κ
(
κ + 2ν + 2β + 3
2
)
z − (β + ν)
(
β + ν + 1
2
)
− κ
(
2β + 1
2
)]
φ(z) = 0, (2.5)
where
ν =
⎧⎪⎪⎨
⎪⎪⎩
√
− E2α2 for p = q
√
− E2α2 − V02α2 for p = q
(E < 0) and β =
⎧⎪⎪⎨
⎪⎪⎩
0, 12 for p > −2,
1
4
(
1 +
√
1 + 8V0
α2
)
for p = −2.
(2.6)
Equation (2.5) is quasi-exactly solvable if and only if it leaves the finiteN -dimensional polynomial
space PN+1(z) = 〈1, z, z2 . . . , zN 〉 invariant and thus for this condition to be satisfied, the term
z
p
2 (1 − z) q−p−22 must be at most of a second degree. Apparently, such expression is obtainable for all
pairs (p, 6), p = − 2, . . . , 6. If we assume a solution of the form
φ(z) =
N∏
j=1
(z − zi ) φ(z) = 1 for N = 0, (2.7)
where zi are the roots of the wavefunction and apply the generalized Bethe ansatz method (see the
Appendix), then polynomial solutions are realizable for the class V p6 (x) as discussed in Sec. III.
III. EXACT SOLUTIONS TO THE CLASS V p6 (x)
We now obtain the solutions for the complete case of V p6 (x) using the Bethe ansatz. Due to
the ambiguity in the solutions of the general class for different p, it is clearer and better understood
when the solutions are obtained on a case-by-case consideration as discussed below.
A. Subclass V−26 (x)
Here the differential equation (2.5) becomes
z(1−z)φ′′(z)+
[
2κz2 − 2
(
κ + ν + β + 3
4
)
z+
(
2β + 1
2
)]
φ′(z)+
[
2κ
(
−κ + ν + β + 3
4
)
z
−(β + ν)
(
β + ν + 1
2
)
− κ
(
2β − 3κ + 1
2
)]
φ(z) = 0, (3.1)
where κ = i
√
V0
2α2 and β takes the second value in (2.6). Assuming polynomial solution of the form
(2.7), and using the Bethe ansatz method, we have the following necessary and sufficient conditions
for polynomial solutions
N − κ + ν + β + 3/4 = 0,
−(β + ν)
(
β + ν + 1
2
)
+ κ
(
2β − 3κ + 1
2
)
= −2κ
N∑
j=1
z j +N (N + 2κ + 2ν + 2β + 1/2) .
(3.2)
Although this model is QES, and thus has a polynomial solution of the form (2.7) with the roots {zi}
of the wavefunction obtainable from
N∑
m = j
2
z j − zm +
2κz2j − 2
(
κ + ν + β + 34
)
z j +
(
2β + 12
)
z j (1 − z j ) = 0, (3.3)
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however, the first condition yields a complex spectrum and thus the V −26 (x) subclass does not seem
to present a physical quantum mechanical model.
B. Subclass V 06 (x)
Equation (2.5) becomes
z(1−z)φ′′(z)+
[
2κz2−2
(
κ+ν+β+ 3
4
)
z+
(
2β+ 1
2
)]
φ′(z)+
[
κ
(
−κ+2ν+2β+ 3
2
)
z
−(β + ν)
(
β + ν + 1
2
)
− κ
(
−κ + 2β + 1
2
)]
φ(z) = 0, (3.4)
with κ =
√
V0
2α2 . Applying the Bethe ansatz method, we obtain the conditions
2N − κ + 2ν + 2β + 3/2 = 0 ⇒ EN = −α
2
2
(2N − κ + 2β + 3/2)2,
−(β + ν)
(
β + ν + 1
2
)
− κ
(
−κ + 2β + 1
2
)
= −2κ
N∑
j=1
z j +N (N + 2κ + 2ν + 2β + 1/2) ,
(3.5)
with roots of the wavefunction satisfying (3.3). The first equation in (3.5) gives the symmetric and
asymmetric energies and as examples, we give explicit solutions for the ground and the first two
excited states. The ground state corresponds toN = 0 and we have the energies and wavefunctions
Es0 = −
α2
2
(
−3
2
+
√
V0
2α2
)2
, ψ s0 (z) = (1 − z)νe−
√
V0
2α2
z
,
Ea0 = −
α2
2
(
−5
2
+
√
V0
2α2
)2
, ψa0 (z) =
√
z(1 − z)νe−
√
V0
2α2
z
. (3.6)
For the first excited state (N = 1), we have
Es1 = −
α2
2
(
−7
2
+
√
V0
2α2
)2
, ψ s1 (z) = (1 − z)νe−
√
V0
2α2
z(z − z1),
Ea1 = −
α2
2
(
−9
2
+
√
V0
2α2
)2
, ψa1 (z) =
√
z(1 − z)νe−
√
V0
2α2
z(z − z1), (3.7)
where z1 satisfies
2κz21 − 2
(
κ + ν + β + 3
4
)
z1 +
(
2β + 1
2
)
= 0 (3.8)
with β = 0, 12 corresponding to symmetric and asymmetric solutions, respectively. The second
excited state solutions corresponding to N = 2 are given by
Es2 = −
α2
2
(
−11
2
+
√
V0
2α2
)2
, ψ s2 (z) = (1 − z)νe−
√
V0
2α2
z(z − z1)(z − z2),
Ea2 = −
α2
2
(
−13
2
+
√
V0
2α2
)2
, ψa1 (z) =
√
z(1 − z)νe−
√
V0
2α2
z(z − z1)(z − z2), (3.9)
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where z1, z2 satisfy
2∑
m = j
2
z j − zm +
2κz2j − 2
(
κ + ν + β + 34
)
z j +
(
2β + 12
)
z j (1 − z j ) = 0. (3.10)
C. Subclass V 26 (x)
Here we have the same exponent with V −26 (x), κ = i
√
V0
2α2 . Interestingly the model gives a real
spectrum
EsN = −
α2
2
(2N + 3/2)2 and EaN = −
α2
2
(2N + 5/2)2 (3.11)
with corresponding wavefunctions
ψ sN (z) = (1 − z)νe−i
√
V0
2α2
z
N∏
j=1
(z − z j ) and ψaN (z) =
√
z(1 − z)νe−i
√
V0
2α2
z
N∏
j=1
(z − z j ), (3.12)
where the potential parameters satisfy
−(β + ν)
(
β + ν + 1
2
)
− κ
(
2β + 1
2
)
= −2κ
N∑
j=1
z j +N (N + 2κ + 2ν + 2β + 1/2) , (3.13)
and the roots are obtainable from (3.3).
D. Subclass V 46 (x)
In this case, we have real κ =
√
V0
2α2 and real eigenvalues
EsN = −
α2
2
(
2N + 3
2
+
√
V0
2α2
)2
and EaN = −
α2
2
(
2N + 5
2
+
√
V0
2α2
)2
(3.14)
with corresponding wavefunctions
ψ sN (z) = (1 − z)νe−
√
V0
2α2
z
N∏
j=1
(z − z j ) and ψaN (z) =
√
z(1 − z)νe−
√
V0
2α2
z
N∏
j=1
(z − z j ), (3.15)
where the potential parameters satisfy
−(β + ν)
(
β + ν + 1
2
)
− κ
(
2β + 1
2
)
= −2κ
N∑
j=1
z j +N (N + 2κ + 2ν + 2β + 1/2) , (3.16)
and the roots are obtainable from (3.3). It is important to note that the agreement of the spectrum
(3.14) and that of Ref. 1 are obvious if we substitute α = −√2/d, where d is the depth parameter used
in Ref. 1. Moreover, the equivalence of the sufficient condition Eq. (3.16) and the Heun-tridiagonal
matrix (1.6) have been pointed out recently.6
E. Subclass V 66 (x)
Finally, we have the equation
z(1 − z)φ′′(z)+
[
2κz2 − 2
(
κ+ν+β+ 3
4
)
z+
(
2β+ 1
2
)]
φ′(z)+
[
κ
(
2κ+2ν+2β+ 3
2
)
z
−(β + ν)
(
β + ν + 1
2
)
− κ
(
−κ + 2β + 1
2
)]
φ(z) = 0 (3.17)
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with κ = i
√
V0
2α2 and ν defined accordingly by (2.6). The spectrum can be obtained from
N − κ + ν + β + 3/4 = 0,
ψ sN (z) = (1 − z)νe−i
√
V0
2α2
z
N∏
j=1
(z − z j ) and ψaN (z) =
√
z(1 − z)νe−i
√
V0
2α2
z
N∏
j=1
(z − z j ) (3.18)
with the potential parameter satisfying
−(β + ν)
(
β + ν + 1
2
)
− κ
(
2β − κ − 1
2
)
= −2κ
N∑
j=1
z j +N (N + 2κ + 2ν + 2β + 1/2) ,
(3.19)
and the roots of the wavefunction given by Eq. (3.3). From Eq. (3.19), it is obvious that we have a
complex energy spectrum, as noted previously.
IV. HIDDEN LIE ALGEBRAIC STRUCTURE
The underlying differential equation (2.5) possesses a hidden Lie sl2 algebraic structure which
is responsible for its quasi-exact solvability. We note that the differential operators,
J− = d
dz
, J+ = z2 d
dz
−N z, J 0 = z d
dz
− N
2
, (4.1)
satisfy the sl2 commutation relations for any value of the parameterN . Moreover, forN ∈ Z+, (4.1)
provides a N + 1-dimensional irreducible representation, PN+1(z) = 〈1, z, z2, · · · , zN 〉 of the sl2
algebra. Thus any differential operator which is a polynomial of the sl2 generators (4.1) will have
finite-dimensional invariant subspace PN+1(z); in other words, possesses (N + 1) eigenfunctions in
form of a polynomial in z (see, for example, Ref. 7 for details). If we rewrite the general differential
equation (2.5) in the form
Hφ(z) = Eφ(z), (4.2)
where
ˆH = z(1 − z) d
2
dz2
+
[
2κz2 − 2
(
κ + ν + β + 3
4
)
z +
(
2β + 1
2
)]
d
dz
+Qz,
E = (β + ν)
(
β + ν + 1
2
)
+ G, (4.3)
then E is the eigenvalue of the operator ˆH and the terms Q and G are functions of κ , ν, and β,
and they vary for different subclass. It can easily be shown that if Q = −2κN , with N being any
non-negative integer, the differential operator ˆH is an element of the enveloping algebra of Lie
algebra sl2:
ˆH = −J 0 J 0 + J 0 J− + 2κ J+ −
(
N + 2κ + 2ν + 2β + 1
2
)
J 0
+
(N + 1
2
+ 2β
)
J− − N
2
[N + 1
2
+ 2κ + 2ν + 2β
]
. (4.4)
It is well known that any kth order differential operator which preserves PN+1(z) must be a kth
degree polynomial in the generators (4.1).8, 9 However, let us remark at this point that the existence
of an underlying Lie algebraic structure in a differential equation is only a sufficient condition for
the differential equation to be quasi-exactly solvable. In fact there are more general (than the Lie-
algebraically based) differential equations which do not possess a underlying Lie algebraic structure
but are nevertheless quasi-exactly solvable (i.e., have exact polynomial solutions).10–12
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V. CONCLUSIONS
By considering a general equation, we have provided the solutions to a general class of the double
well potential V p6 (x) in one dimension. We have shown that the corresponding radial Schro¨dinger
equations are reducible to the same basic equation and contrary to the report in Ref. 1, this equation
can be exactly solved by using the Bethe ansatz method. For each subclass, we have derived the
closed form expressions of the energies, wave functions, and the allowed potential parameters.
We have also shown that the basic equation possesses a hidden sl2 algebraic structure, which is
responsible for the quasi-exact solvability of the systems. We note that further discussion on the
present potential has been presented in a recent article.13 We therefore hope that the present findings
will further elucidate the understanding and applicability of the generalized double-well hyperbolic
model.
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APPENDIX: GENERALIZED BETHE ANSATZ METHOD
Here we give a description of the generalized Bethe ansatz method. We consider the second
order differential equation [
P(z) d
2
dz2
+ Q(z) d
dz
+ W (z)
]
S(z) = 0, (A1)
where P(z), Q(z), and W (z) are polynomials of degrees r, s, t, respectively,
P(z) =
r∑
k=0
pk zk, Q(z) =
s∑
k=0
qk zk, W (z) =
t∑
k=0
wk z
k, t < s, (A2)
pk, qk, and wk are constants. We follow the procedure proposed by Zhang in Ref. 3 and generalize
the results to a more general case here. If we seek a polynomial solution of the form
S(z) =
n∏
i=1
(z − zi ), S(z) ≡ 1 for n = 0, (A3)
then Eq. (A1) becomes
r∑
k=0
pk zk
n∑
i=1
1
z − zi
n∑
j =i
2
zi − z j +
s∑
k=0
qk zk
n∑
i=1
1
z − zi +
t∑
k=1
wk z
k = −w0, (A4)
where {zi} are distinct roots of the polynomial solution. The right hand side of this equation is a
constant, while the left hand side is a meromorphic function with simple poles z = zi and singularity
at z = ∞. The residues at the simple pole z = zi are given as
Res(−w0)z=zi =
r∑
k=0
pk zki
n∑
j =i
2
zi − z j +
s∑
k=0
qk zki , (A5)
such that
r∑
k=0
pk
n∑
i=1
(
zk − zki
z − zi
) n∑
j =i
2
zi − z j +
s∑
k=0
qk
n∑
i=1
(
zk − zki
z − zi
)
+
t∑
k=1
wk z
k =−w0−
n∑
i=1
Res(−w0)z=zi
z − zi .
(A6)
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If we define for ν ∈ Z+,
Mν[z, zi ] = z
ν − zνi
z − zi = z
ν−1 + zν−2zi + · · · + zzν−2i + zk−1i (A7)
and
S[zνi ; z j ] =
n∑
i=1
n∑
j =i
zνi
zi − z j =
n∑
i=1
n∑
j=i+1
zν−1i + zν−2i z j + · · · + zi zν−2j + zν−1j (A8)
then Eq. (A6) reduces to
2
r∑
k=1
pkS
[Mk[z, zi ]; z j ]+ s∑
k=1
qk
n∑
i=1
Mk[z, zi ] +
t∑
k=1
wk z
k = −w0 −
n∑
i=1
Res(−w0)z=zi
z − zi . (A9)
For this equation to be valid, the right hand side must also be a constant. By Liouville’s theorem, we
demand that the coefficients of the powers of z as well as the residues at the simple poles of the right
hand side be zero. As a result, one can evaluate the three terms on the l.h.s of Eq. (A9) for some k,
such that the sums of all possible coefficients of zk are equated to zero,
2pkS
[Mk[z, zi ], z j ]+ qk n∑
i=1
Mk[z, zi ] + wk zk + w0 = 0, (A10)
where t = 1, . . . , s − 1 (necessary for exact solutions), and the roots {zi} satisfy the Bethe ansatz
equations:
r∑
k=0
pk zki
n∑
j =i
2
zi − z j +
s∑
k=0
qk zki = 0. (A11)
When P(z), Q(z), and W (z) are of degrees 4, 3, and 2, respectively, the above results reduce to those
obtained in Ref. 3.
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